A set of vertices S resolves a graph G if every vertex is uniquely determined by its vector of distances to the vertices in S. The metric dimension of G is the minimum cardinality of a resolving set of G.
Introduction
In this paper we consider finite, simple, and connected graphs. The vertex and edge sets of a graph G are denoted by V (G) and E(G), respectively.
The distance d(u, v) between two vertices u and v in a connected graph G is the length of a shortest u − v path in G. For an ordered set W = {w 1 , w 2 , · · · , w k } ⊆ V (G), we refer to the k-vector r(v|W ) = (d(v, w 1 ), d(v, w 2 ), · · · , d(v, w k )) as the (metric) representation of v with respect to W . The set W is called a resolving set for G if r(u|W ) = r(v|W ) implies that u = v for all u, v ∈ G. In a graph G, a resolving set with minimum cardinality is called a basis for G. The metric dimension, dim(G), is the number of vertices in a basis for G.
The metric dimension problem was first introduced in 1975 by Slater [46] , and independently by Harary and Melter [20] in 1976; however the problem for hypercube was studied (and solved asymptotically) much earlier in 1963 by Erdős and Rényi [13] . In general, it is difficult to obtain a basis and metric dimension for arbitrary graph. Garey and Johnson [17] , and also Khuller et al. [32] , showed that determining the metric dimension of an arbitrary graph is an NP-complete problem. The problem is still NP-complete even if we consider some specific families of graphs, such as bipartite graphs [36] , planar graphs [12] , or Gabriel unit disk graphs [23] . Thus research in this area are then constrained towards: characterizing graphs with particular metric dimensions, determining metric dimensions of particular graphs, and constructing algorithm that best approximate metric dimensions.
Until today, only graphs of order n with metric dimension 1 (the paths), n − 3, n − 2, and n − 1 (the complete graphs) have been characterized [10, 22, 29] . On the other hand, researchers have determined metric dimensions for many particular classes of graphs, such as trees [10, 20, 32] , cycles [10] , grids [37] , complete multipartite graphs [10, 1] , hypercube [13, 34, 10, 5] , wheels [7, 8, 43] , fans [8] , unicyclic graphs [39] , honeycombs [35, 49] , circulant graphs [24] , Jahangir graphs [48] , Sierpíski graphs [30] , and classical binomial random graph [6] . Recently in 2011, Bailey and Cameron [3] established relationship between the base size of automorphism group of a graph and its metric dimension. This result then motivated researchers to study metric dimensions of distance regular graphs, such as Grassman [4, 19] , Johnson, Kneser [2] , and bilinear form graphs [14, 19] .
In the area of constructing algorithm that best approximate metric dimensions, researchers have utilized integer programming [11] , genetic algorithm [33] , variable neighborhood search based heuristic [38] , and greedy constant factor approximation algorithm [21] .
There are also some results of metric dimensions of graphs resulting from graph operations; for instance: Cartesian product graphs [37, 32, 9, 41] , joint product graphs [7, 8, 43] , strong product [40] , corona product graphs [50, 27] , lexicographic product graphs [42] , hierarchical product graphs [15] , and line graphs [31, 16] .
In this paper, we study metric dimension of graphs resulting from another type of graph operations, i.e., vertex-amalgamation and edge-amalgamation of a finite collection of arbitrary graphs. Previous study of such graphs has been done for vertex-amalgamation of two arbitrary graphs [39] and vertex-amalgamation and edge-amalgamation of particular families of graphs, which include cycles, complete graphs, and prisms [25, 26, 44, 45] . We present these known results in the next section and then provide more general results in the last section: give lower and upper bounds for the dimensions, show that the bounds are tight, and construct infinitely many graphs for each possible value between the bounds.
Previous Results
Let {G 1 , G 2 , . . . , G n } be a finite collection of graphs and each block G i has a fixed vertex v 0i or a fixed edge e 0i called a terminal vertex or edge, respectively. The vertex-amalgamation of G 1 , G 2 , . . . , G n , denoted by V ertex − Amal{G i ; v 0i }, is formed by taking all the G i 's and identifying their terminal vertices. Similarly, the edge-amalgamation of G 1 , G 2 , . . . , G n , denoted by Edge − Amal{G i ; e 0i }, is formed by taking all the G i 's and identifying their terminal edges.
In [39] , Poisson and Zhang studied vertex-amalgamation of two nontrivial connected graphs G 1 , G 2 and provide a lower bound as follow.
Theorem 1. [39]
Let G be the vertex-amalgamation of nontrivial connected graphs G 1 and G 2 with terminal vertices v 01 and v 02 . Then
Other known results are vertex-amalgamation and edge-amalgamation of particular families of graphs, as presented in the following theorems. We denote by C n the cycle of order n, by K n the complete graph of order n, and by P r n the prism of order 2n.
Theorem 2. [26, 44] Let {C c1 , C c2 , . . . , C cn } be a collection of n cycles with n e cycles of even order. Suppose that G is the vertex-amalgamation of C c1 , C c2 , . . . , C cn and H is the edge-amalgamation of C c1 , C c2 , . . . , C cn . Then
. . , K kn } be a collection of n complete graphs with n 2 complete graphs of order 2 and n 3 complete graphs of order 3. Suppose that G is the vertexamalgamation of K k1 , K k2 , . . . , K kn and H is the edge-amalgamation of
Theorem 4. [45]
Let {P r p1 , P r p2 , . . . , P r pn } be a collection of n prisms with n o prisms of odd order. Suppose that G is the vertex-amalgamation of P r p1 , P r p2 , . . . , P r pn and H is the edge-amalgamation of P r p1 , P r p2 , . . . , P r pn . Then
Main Results
The next theorem provide the sharp lower and upper bounds for the metric dimension of vertex-amalgamation of finite collection of arbitrary graphs, as well as a construction showing that all values between the bound are attainable.
Theorem 5. Let {G 1 , G 2 , . . . , G n } be a finite collection of graphs and v 0i is a terminal vertex of
Moreover, the bounds are sharp and there are infinitely many graphs with dimension equal to all values within the range of the bounds.
Proof. For the lower bound, consider a vertex set W with cardinality less than
Consequently, there exists a block G i which the cardinality of its intersection with W is less than dim(G i ) − 1. Therefore W could not be a resolving set of G and so
For the upper bound, consider two arbitrary blocks G i and G j of G and their basis R i and R j . Clearly, at most two vertices in G i G j , say x and y, could have the same representation with respect to R i R j , since otherwise there exist two vertices in a block, say G i , having the same representation with respect to R i , a contradiction with R i being a resolving set. Thus, to guarantee all vertices in G i G j have have different representation, we have to add either x or y to R i R j . If we consider each pair of blocks in G, we obtain
Now let us start our construction by considering {G 1 , G 2 , . . . , G n } as a finite collection of complete graphs of order at least 3. By Theorem 3, dim(G) = n i=1 dim(G i ) − n, which achieve the lower bound. We then replace G 1 with a path consisting non-leaf terminal vertex. Let B be the union of all the blocks' basis. Since the path has dimension 1 and its basis vertex is a leaf vertex, then the two vertices of the path adjacent to the terminal vertex will have the same representation with respect to B. Thus we have to add one vertex, i.e. one of the two vertices of the path adjacent to the terminal vertex, to B in order to obtain a basis for G. This results in dim(G) = n i=1 dim(G i ) − n + 1, which increases the lower bound by one. We continue this process by replacing the G i s one at a time until all complete graphs are replaced with paths (see Figure 1) . The resulting graph is a subdivided star, whose dimension achieves the upper bound.
Note that the lower bound in the previous theorem generalizes the result of Poisson and Zhang in Theorem 1. From Theorems 2 and 4, we can see that there exist amalgamations of particular cycles and prisms whose dimensions attaining the lower bounds. These graphs could be used in the construction of the proof of Theorem 5. To prove the result for edge-amalgamation of a finite collection of graphs, we need to know the dimensions of two special graphs. The first graph is complete bipartite graphs K m,n . It is known that dim(K m,n ) = m+n−2 and the basis consists of all vertices in K m,n except for one vertex from each partite set. The second graph is a variation of a cycle of order n, C n . Suppose that V (C n ) = {x 1 , x 2 , . . . , x n } and E(C n ) = {x n x 1 , x i x i+1 , i = 1, 2, . . . , n − 1}. We add two vertices y 2 , y 5 and six edges y 2 x i , i = 1, 2, 3, y 5 x i , i = 4, 5, 6. We call the resulting graph a double-hats cycle, denoted by DHC n (see Figure 2) . It is easy to see that a resolving set of DHC n must consist two vertices: either x 2 or x 5 and either y 2 or y 5 . On the other hand, the set {x 2 , y 5 } is a resolving set of DHC n , and so dim(DHC n ) = 2. Theorem 6. Let {G 1 , G 2 , . . . , G n } be a finite collection of graphs and e 0i is a terminal edge of G i , i = 1, 2, . . . , n. If H is the edge-amalgamation of
Proof. For the lower bound, consider a vertex set W with cardinality less than n i=1 dim(G i )− 2n. Consequently, there exists a block G i which the cardinality of its intersection with W is less than dim(G i ) − 2. Therefore W could not be a resolving set of H and so
For the upper bound, consider two arbitrary blocks G i and G j of G and their basis R i and R j . Clearly, at most two vertices in G i G j , say x and y, could have the same representation with respect to R i R j , since otherwise there exist two vertices in a block, say G i , having the same representation with respect to R i , a contradiction with R i being a resolving set.
Thus, to guarantee all vertices in G i G j have have different representation, we have to add either x or y to R i R j . If we consider each pair of blocks in G, we obtain
Similarly to the construction for vertex-amalgamation of graphs in the proof of Theorem 5, we start by considering {G 1 , G 2 , . . . , G n } as a finite collection of symmetric complete bipartite graphs K mi,mi with vertex-set partitioned into {x 1 , x 2 , . . . , x mi } and {y 1 , y 2 , . . . , x mi }. Let x mi y mi be the terminal edge in each K mi,mi . By the first part of the theorem, we
It is easy to see that R is a resolving set for H, and thus dim(
Therefore we have amalgamation of graphs attaining the lower bound.
We then replace G 1 with a double-hats cycle DHC n with terminal edge x 6 x 7 (refer to the standard vertices notation of DHC n ). Let B be the union of all the blocks' basis. The two vertices of DHC n adjacent to the terminal edge will have the same representation with respect to B. Thus we have to add one vertex, i.e. one of the two vertices of DHC n adjacent to the terminal edge, to B in order to obtain a basis for H. This results in dim(H) = n i=1 dim(G i ) − n + 1, which increases the lower bound by one. We continue this process by replacing the G i s one at a time until all complete bipartite graphs are replaced with DHC n s. The dimension of the resulting graph then achieves the upper bound.
Notice that there exists edge-amalgamation of some complete graphs with dimension equal to the lower bound (see Theorem 3), and so these graphs could be used in the construction of the proof of the previous theorem. We could also see from Theorems 2, 3, and 4, that the dimensions of edge-amalgamations of cycles and prims are the middle values between the lower and upper bounds, while the dimensions of edge-amalgamation of complete graphs are values around the lower bound. Determining which collection of graphs whose vertexamalgamation and edge-amalgamation have small dimensions (close to the lower bounds) might be seen as interesting problems.
